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216. 


TABLES OF THE DEVELOPMENTS OF FUNCTIONS IN THE 
THEORY OF ELLIPTIC MOTION. 


[From the Memoirs of the Royal Astronomical Society, vol. XXIX. (1861), pp. 191—306. 
Read January 12, 1859.] 


THE notation made use of is as follows; viz, r, f, a, e, y denote 


r, the radius vector; 

J, the true anomaly ; 

a, the mean distance ; 

e, the eccentricity; 

g, the mean anomaly ; 
so that 

r 

a: =elar (e, 9), 
and 

J, =elta (e, g), 
are known functions of e, g. Moreover, æ denotes the periodic part of the quotient 
radius =, and y the equation of the centre, or periodic part of the true anomaly f; 
so that 

“=1+a, 


Fo hae 
and (x, y) are therefore also known functions of e, g. 
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Formule for the development in multiple cosines or sines, up to the terms in e”, 
of the functions 


cos . 
sin!” 


(0º, a...) 
where j is an indeterminate symbol, are given by Leverrier in the Annales de 
[Observatoire de Paris, tom. 1. (1855), pp. 346—348. It occurred to me that it would 
be desirable to form tables such as are contained in the present memoir, of various 
functions of the forms 


e INEM cos. 
ad (2) side 
obtainable from Leverrier’s formule by assigning particular integer values to the 
symbol j. The calculations were performed under my superintendence by Messrs 
Creedy and Davis; and I have to acknowledge my obligation for a grant to defray 
the expenses, made to me out of the Donation Fund at the disposal of the Council 
of the Royal Society. 


A cosine series is in general represented in the form 
> [cos] cos ig, 
where à extends from — oo to +00, and the coefficients [cos]? satisfy the condition 
[cos] * = [cos] ; 
and in like manner a sine series is represented in the form 
> [sin]' sin zg, 


where à extends from —oo to +0, and the coefficients [sin]? satisfy the condition 


[sin] = — [sin]’, and in particular 


[sin = 0, 


Thus [cos]! is a general symbol denoting the coefficient of cosig, in a cosine series 
considered as involving as well negative as positive multiples of the argument g, or, 
what is the same thing, [cos] is the constant term and [cos]' is the half coefficient 
of cos ig, when the series is considered as containing only positive multiples of the 
argument. And in like manner [sin]? is a general symbol for the coefficient of sin ig, 
in a sine series considered as involving as well negative as positive multiples of the 
argument g, or, what is the same thing, [sin]' is the half coefficient of sin ig, when 
the series is considered as containing only positive multiples of the argument. 
C. III. 46 
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In the case of a pair of corresponding functions a” cos jf and «” sin jf, or (Ja cos jf 
+m 
and (=) sinjf, one of them expanded in the form 
> [cos] cos 19, 


and the other in the form 


> [sin]! sin 19, 


the sums and differences of the corresponding coefficients [cos]!, [sin], are represented 
by the notation 


[cos + sin]', 
and it is clear that we have 


[cos + sin]? = [cos — sin]', [cos + sin]? = [cos]. 


These coefficients [cos + sin]? are for many purposes equally useful with the 
coefficients [cos]', [sin]’, and they are here tabulated accordingly. 


The functions tabulated are as follows :— 


G Bi a) , [cos], 


@ O, ay. i) pa if, j=1 to j=7, [cos], [sin], [cos + sin], 


(0 O (DD) eh 


(OO E 


a a a a sin 


all the developments being carried up to e”, the limit of the formule from which they 
are deduced. 


The calculations are based upon Leverrier’s formule for 


cos . 
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Cosine Table. e? e ad E e e or e” 
4 of 2 16 768 92160 1290240 


X cos J y +1 — 87 + 969! — 12807 ) 1680078 
= 54" + Agudo f 305907! 
— 344099 294707" 
x cosjy +4 — 489º oy ) 22407° 
= 3407 9807" 
9695 7 

245 
a? cos j y +4 — 967? + 192074 1680074 
— 132072 63007” 


420 


x? COS j y + 144 — 28807? + 100809! 


22050)? 


3150 


at cos jy +144 — 576057 50407" 


10080 


+ 14400 + 504009? 


37800 


+ 14400 — 151200 


Datum Table (x, ... x’) cos jy... 
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EI Er 
eae nll Vee ee, ee sy 
Cosine Table. A et > e e5 e! 
1 of 16 768 92160 96 7680 1290240 
x cos j y +47? — 649! + 96098 + 309º - 120074 + 30240): 
— 2569? + 1182074 — 32409? + 2438107! 
+ 47109? + 173502)? 
æ cos jy —2 +192)" — 48007! — 127 + 240 — 40327 
+ 64 — 81907? - 9 + 27459? — 1222209! 
— 1440 + 675 — 2250999" 
— 35721 
2? cos j y +2 oj” - 48074 +12 — 840)? + 100807! 
— 96 1590)" — 1080 + 102060)" 
2400 + 61236 
2% cos J y O + 7920)? — 6 — 2407? + 100807! 
1440 + 540 + 850507? 
— 17010 
x cos j y + 96 — 14407 + 480 — 957609? 
— 8640 — 90720 
0% COS j y + 3600 “= 600 — 10080)? 
+ 113400 
2% cos j y + 10800 + 30240 
x’ cos j y o — 105840 
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Cosine Table. 
3 of 


————— O A | gg, 


x cos j y + 167 — 3849 — 168007 


$07 643% | gen 
+ 86607 + 1931309! 
+ 48538) 


+2837? ~22440;* + 33607?  —4675309º 


— 515283" — 972790)” + 8287587" 


æ COS j Y + 7680 7! — 80j4 + 224078 | — 28805 —  4487* 
— 64 + 46260 7” — 2375)"  +20566074 — 378909? — 824607! 
+ 9216 — 625 +905135J" | — 7776 = 6897319? 


+ 153125 — 117649 


| id Sa ie [ri A co oa A A DEE SE En 


a? cos j y + 48/ — 9607! + 10807? — 504007! + 48074 + 235207! 
+ 96 — 22380)? + 1000 — 5405407? + 2145072 + 4447807? 
— 15360 — 262500 +12960 | +201684 ` 


+ 14403” +  33607' 


+ 11520 — 900 + 1476309 


— q9207? | — 33603 
— 12960 — 210630,” 


+ 236250 — 216090 


at cos j y 3528072 + 14409 + 65520)? 


+ o — 84000 + 8640 + 164640 

x cos j y — 7200 — 120 — 30240)? — 1008072 
— 63000 — 88200 
É COS j y + 4320 + 90720 + 30240 
x’ cos J y o — 35280 o — 5040 


... Datum Table (4. nw) cos j y. 
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Sine Table. 


4 of 


x sin j y 


æ sinjy 


æ sin j y 


aê sin j y 


xt sin j y 


æ sing y 


ax? sin j y 


a” sin j y 


TABLES OF THE DEVELOPMENTS OF FUNCTIONS IN THE 


E Wi 
r pt in a — — ia See 
AE o ae e E a 
2 16 768 92160 4 96 7680 
+2 —247 + 3207” 
— 67° +2607 
+ 1007 
+217 — 4007. 
— 180) 


o em 


+ 12) — 3205? 


+ 1607 


+ 8407 


+ 4807 


Datum Table (æ ... a”) sinj y ... 
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-——= 


el 
1290240 


— 44805” 
— 14007? 
— 172905 
+ 74905 


+ 50407 

359º 
+ 61259 
+ 67203 
— 42037 
+ 37807 
— 252009? 


— 100807 


— 201607: 


+ 25200) 


+ 882007 


+ 504007 
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Cr ET 
T gee ee RÀ ETA E NG SN 
Sine Table. e e & é pa Bs 

4 of 16 768 92160 96 7680 1290240 
x sinj y +59 — 240 9º + 6000 j* + 8 = 160$ + 268877 
— 887 + 8895 7° + 269 — 30703 + 1251603 
+ 20407 — 12903 + 2571667 
+ 59850) 
æ sinjy — 4) + 647° — 9609 — 21) + 14007? — 366243" 
+ 1849 — 8340 9º + 23007 — 2071659" 
57994 — 1459715 
a? sin j y — 72, -—1200$ +129 — 1607? + 134475 
+ 42607 — 16007 + 39900 7* 
+ 1307887 
o sin jy — 96) + 288079 — 1807 + 55440)? 
+ 61209 + 327607 
a sin j y — 8280 + 7207 — 201607? 
— 1562407 
a sin jy — 7200 + 378003 
x sing y o + 90720) 

x’ sin j y o o 


no Datum Table (x°... 27) sinj-... 
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Sine Table. 


3 of 


x? sing y 


x sinj y 


xt sin j y 


a” sin j y 


5 


— 48007 
- 492007? 
— 21648 


+ 7687 
+ 278407" 
+ 357369 


— 76807? 


— 301207 


oj? 


+ 86407 


+ 72007 


+ 17909º 
+ 2194) 


= 8963" 
— 124600 j* 
— 939722)” 
— 416990 


+ 346087? 


+ 599935)" 
+ 657601) 


= 40325 
— 231300)” 


— 610764) 


+ 352807” 
+ 3032407 


+ 67207? 
+ 11760) 


— 113400) 


+ 504007 


« Datum Table (a... a”) sin jy: 
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+ 12007 
+ 29835 J 
+ 29352) 


= nega? 
— 157807? 


— 363247 


+ “5520? 


+ 316207 


- 9607 
— 193207 


+ 75607 


— 1440 


[216 


ees 7* 


+ 355609” 
+ 563486 f’ 
+ 472730) 


= 974457 
-339745 J 
— 595231) 
+ 13449 
+ 1524607 


+ 5524687 


— 453607 
— 384720) 


+ 67207 


+ 193200) 


— 630007 


+ 10080) 
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It may be remarked that with a view to the convenience of calculation, the 
Datum Tables give the half values of the several functions; thus, e.g., we have 


1 : eia. E ; NG e y 
5 x COS jy = (+1 5 — 8 ig tOO] BA) yg + o. T fo 1473075 + o 2 cos g 
oe 
-+ (47 16 + wc. 2 cos 2g + We. 
and so for the other functions in the two tables. 
The calculation, for a given value of j, of the functions (#, 2!...... a") Ya Uf is 


performed as follows; the numerical value of j is in the first instance substituted 
throughout the two Datum tables, so as to obtain the numerical values of the separate 
terms + 49”; when this is done, the terms in each compartment are added together 
with the proper signs, and the results written down in a single table as follows, viz. 
if j=1, and if we write down only the portion of the table which corresponds to 
cos y | cos cos cos a ; 
a sin Y (the portions corresponding to « sin Y ? sin Y &e....a" sin Y being of a precisely 
similar form, and coming into the table in order one under the other) this is 


LJ [TP 
Ve ee SN 5  — Q >> Ae ae O o RO 
y qo 08 ES ee ap DES 1 ë 
sin Y 2 16 768 92160 4 96 7680 1290240 
[cos] +1. -8 "+42 —800 o +30 + 680 — 15680 
[sin] o o o o 2 —30 + 680 —15680 
[cos + sin] +I -8 +42 -—80 | +2 —60 +1360 — 31360 
[cos — sin] Do —-—; 5 5 — 2 [o o o 
[ah EF 
ar de = | RT ES E ES 
9 C8 . e E Ral £ 3 pm: 
$2 ¿in Y 16 768 92160 96 7680 1290240 
[cos] +4 — 320 or 17490 + 30 — 4440 + 447552 
[sin] +5 —328 + 16935 + 34 — 4520 + 444864 
[cos + sin] +9 — 648 + 34425 + 64 — 8960 + 892416 
[cos — sin] —I + 8 + 555 — 4 + 80 + 2688 
O. HL 47 
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Hs y [F Rey 
SL = O | KT ES 
o COS sd es e? e? es el 
37 ¿ip Y 768 92160 7680 1290240 92160 1290240 
[cos] + 299 — 74352 + 3760 — 1457120 + 57262 | + 1025248 
[sin] + 326 — 75648 + 4016 — 1482208 + 60387 | + 1071904 


[cos + sin] +625 — 150000 +7776 — 2939328 + 117649 | + 2097152 
[cos — sin] — 27 + 1296 — 256 + 25088 | — 3125 | —- 46656 


where the lines [cos +sin], [cos—sin] are obtained by the addition and subtraction of 
the lines [cos], [sin]. 


The lines [cos + sin], [cos — sin], are then rearranged by reading them backwards 
and forwards from the terms which are in the [cos—sin] line, under [ P; viz, in 
the present case, where j=1, from the terms — 2, 0, 0, 0 under [ F, as follows :— 


EF [P 
A A TR = SRD pi aço A TA A ARA 
> AO da «el DI S e = at 
sin 4 96 7680 1290240 2 16 768 92160 
4 [cos + sin] | -2 o o o + 1 -8 +42 — 800 
1 [cos — sin] Do. “i 55 a o -1 ‘+ 8 + 555 
[cos] — 4 o o o + 1 -9 +50 — 245 
[sin] o [o o o +I -7 +34 — 1355 
| 
LER ag [Y 
nee |) ee SN ee 
qo 008 f e e e é e? et es es e af 
sin 4 96 7680 1290240 |16 768 92160 96 7680 1290240 


¿[cos + sin] | +2 —60 +1360 —31360|+9 —648 + 34425 | +64 —8960 +892416 
à [cos — sin] o- 4+ 80 + 2688| o-— 27 + 1296 o — 256 + 25088 


[cos] +2 —64 +1440 — 28672 | +9 —675 +35721 | +64 — 9216 +917504 
[sin] +2 —56 +1280 — 24048 | +9 —621 +33129 | +64 — 8704 +867328 
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LiF ET By de 
EAT ATA a | pk 
008 é es a el es e! 
sin? 768 92160 7680 1290240 92160 1290240 


A | et 


3 [cos + sin] +625 — 150000 +7776 — 2939328 + 117649 | +2097152 


à [cos — sin] O. =| 3128 o — 46656 O o 
[cos] + 625 — 153125 +7776 — 2985984 | + 117649 | + 2097152 


[sin] + 625 — 146875 + 7776 — 2892672 + 117649 | + 2097152 


where the lines [cos], [sin] are obtained by the addition and subtraction ‘of the lines 
4 [cos +sin], 4 [cos —sin]; and it then only remains to reduce the fractions, at the same 
time multiplying by 2 the lines 3 [cos sin], 4 [cos — sin], to obtain instead the lines 
[cos + sin], [cos —sin]. We have thus, 


E: [ } LP 
S ir nn meme eme e em mm 
ee sin? 3 5 7 0 2 
e e e e e e et e 
: 7 si 8 
[cos + sin] -I1 o o o +I Sly +e ur 
, bi. wg 37 
[cos — sin] Do. ” ” ” O 8 as + 3072 
RAE + Eds ado 
[cos] —1 [o o o Gaio = 384 Ta 
; E sk AL oopa 
[sin] e A y i 3 16 384 18432 
cos 
A sin? 
[cos + sin] 
[cos — sin] 
[cos] 


[sin] 
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A nn A A saga SNS] | 


i (} [7 [7 [7 
al sin Y es ¿$ e e e8 er 
; 625 625 81 _ 51093 117649 1024 
[cos + sin] e sm aie a FE gir METE 
: 625 81 
[cos — sin] o — Gota é ioe [o o 
625 30625 81 SE 117649 512 
Nag! * 768 18432 “Bo 35 92160 315 
: 625  _ 29375 81 2511 117649 512 
[sin] + 768 18432 * Bo 1120 ú 92160 T 315 


which is, in fact, part of the table (æ°...a7) = f. Tt is to be remarked, that when 
in any column the second term is zero, the third and fourth terms are each equal 
to one-half of the first term, and that I have in the tables represented them by the 
letters H, H. 


The foregoing method depends, it is easy to see, on the following proposition ; 
viz., writing 
a” cos jf = Y [cos]y* cos ig, x” sin jf = X [sin]y* sin ig, 


a” cos jy = È [cos] cos ig, a” sin jy = [sin] sin 19, 
where, as before, f=g+y, then we have 
[cos + sin] = [cos + sin), 
[cos — sin] = [cos — sin], 
the latter of which follows immediately from the former. To prove this, it is to be 


remarked that in general 


cosa X [cos]'cosig= > [cosfícos (ig + a), | 


sin a = [sin] sin ig = — > [sin]! cos (ig + a), 

sin a > [cos]'cosig= 2 [cos]! sin (ig + a), 

cos a Y [sin] sin¿g= > [sin]' sin (ig + a); 
whence, putting a = jg, 


cos jf = cos (jy +99) = 2 [cos + sin),? cos (i +) g 

=> 4 [[cos + sin], + [cos + sin], +} cos 19, 
sin jf = sin (jy + jg) = 2 [cos + sin], sin (i +4) g 

=> 4 {cos + sin], — [cos + sin]y"+) sin ig; 
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and therefore 

[cos], = 4 ([cos + sin], + [cos + sin], i}, 

[sin],* = 4 ([cos + sin], — [cos + sin], 3); 
and, adding and aeaiia we have the theorem. The coefficients contained in the 
Datum Tables (æ.. a NE, were taken to be 4[cos],‘, 4 [sin], in order that the 
calculations might in ae first instance give 4 [cos + sin], 4 [cos + sin]*, and thence 


by an addition and subtraction, without a division by 2, give [cos]f, [sin]. 


The resulting values admit of a very simple verification; in fact, writing down the 
two equations 


am cos jf = >, [cos]! cos ig, a” sin jf = [sin]! sin 44, 
or, what is the same thing, the summation now extending only from ¿=1 to ¿=00, 
$ a” cos jf =} [cos]? + X'[cosjicosig,  4a"sin¿f= >’ [sin]! sin zg; 


if in the first equation, and in the second equation differentiated with respect to g, 


we put g=0, then, observing that g=0 gives f=0, a=-—., SEU we have 


4 [cos] + >’ [cos]! = 4 j (— ey”, 
21 [sin] = $j (~e) (14+ 2e+ $e? + 3e + 22 01415 054830043587 +...) 


The values of (æ°.. ar) À ay being known, those of (re ds “if can, of course, be deter- 


sin 
mined by merely substituting for = its value (1+x), expanding and reducing; and a 
convenient mode of arranging the calculations presents itself so obviously, that no 
explanation is required. The verification is similar to that for care pe int The only 
difference is, that for g=0 we have the value of r, viz 1—e, in the place of the 


value —e of a. A similar verification is applicable to the Datum Tables. 


To make the arrangement of the Tables clear, I have given at the end of them 
some examples to show how they are to be read off. 
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Table (x, a, aè, a, at, a, a, a). 


x? 


[cos] 


x 
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Table (2, 02, a, a, x, a, af, 27). 
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Table (a, al, a, 4º) a PoE 


[cos + sin] o tee be > 3 
[cos — sin] aras 5 pi s aa 
a ; 
| se E 384 A T 
| [sin] H -= J. + é cas PEDE 
[cos + sin] ¥ = x a $ e 
[sos — sin] vi el a 
ai 
[cos] + š hè K Al Es 
| [sin] + ã E bis ET 
[cos + sin] + = a : E ne 
[cos — sin] ba : E A E E 
a? 
| [cos] É 3 Re = i = | 
| [sin] + 3 Ln E $ 
[cos + sin] A : As £ 
3 [cos — sin] y : 4 Ea 
[cos] yl 5 E 
| [sin] p à E 2 


N.B.—In all the Tables H, H, in the third and fourth lines of a set of four lines, 
denote one half of the number above them in the first line. The terms [cos — sin], denoted 
by » » ++ are the same as the terms [cos + sin]” immediately above them. 
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... Table (0%, al, a, 4º) ea va 


ds a [Y 
sin e e eT 
| i AE a Wk 
[cos + sin] + A tias 
2 I a 
[cos — sin] SE Fete, 
x? 
[cos] mira É o a 
5 45 
17 12 
[sin] H - E + Es 
| [cos + sin] e? 4 do 
12 240 
[cos — sin] dose Es 
s 18 | "720 
x 
28 
cos imate. qu = =EE 
[oa 45 
[sin] Hi kah tds 
12 720 
( E Site asi 
[cos + sin] +." Ni 
; I I 
é [cos — sin] E E 24 "480 
a; AA 
[cos] H 5 7 
: js EE 43 
[sin] H = ita 
| e NE NG 
| [cos + sin] 3 ay; peer: 
[cos — sin] As ee 
R 32 384 
[cos] Mato Æ = 
| : I 35 
sin H SS ee 
| ai 32 384 


o aee ENENGE ES SN AA A e Esta. 
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cos 


o. Table (a, 03, aè, a8) OS f 
LF [ } kh T 
cos f AAA A ap lO 
spa et e e e e e” 


ee | aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaamaaa 
O, mmm fi gg GG a A aaa aneng 


; 625 625 81 729 117649 1024 
[cos F sin] se 384 + 192 + 40 $ Co => 46080 E 315 
F 625 81 
[cos — sin] o a o er o o 
a 
E 30625 be 81 H H 
| [cos] H TITE H = 
[sin] m + 943 Es + Zs H H 
| 18432 1120 
Í ad (UE ES 1269 "Th. BORE? Td 
| garan 96 io 768 16 hi 320 7680 45 
t I25 27 
| [cos — sin] o ae o + do o o 
al 
| [cos] H 4435 i Y H H 
| 3072 40 
[sin] H +25 Hara El H H 
| 1024 320 
í 25 > ES 9 a E 1483 32 
| [cos + sin] | + T aé +3 G PR: E 
| 25 a 
i [cos — sin] o bas o one o o 
[cos] H e | H = Y H H 
1024 2 | 
| ai n SSH Hy Y H H 
| 1024 160 
( 5 5 343 
i ee +3 ce 9 == = 4 
[cos + sin] a ae cs i a 384 ; 
i 5 
cos — sin o = 2 o o o o 
J [ ] 384 
| [cos] NE Ss 548 H H H H 
[sin] E 4 a H H H H 
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Table (a, 25, a, a”) sd e, 


< 3 AN 
[cos + sin] “3 o a 3 
a BU 8 Ce 
re É DDR 
[esa] 8 es +36 256 
E I II 
Tet [sin] o o + A 256 
L. Eh 
[cos + sin] de o 4 Ee 
[cos — sin] Es A 4 5 
64 
¿E 35 
[cos] 16 S * 728 
[sin] o o A 
128 
: 5 5 
COS + La LY 
[ sin] = Es 
[cos — sin] a 4 #3 
as | 4 
5 35 
cos Ls 2. y 
[cos] e «E 
sin] $9. 
l ] > 4 128 
: 35 
cos + sin — dO 
É ] 128 
[cos — sin] e 
at 
35 
cos MES 
[ ] 128 
[sin] o 
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... Table (at, a, 08, 2”) sie TR. 


id [7 es A 

sin f i e3 es el Jo e2 et eb eè es a 

i E ae [ted ok é lis Bb 

[cos + sin] 7 Benge ra + 4 o aa a 

AE ¿send ER dote A. sigui BF 

$ [cos — sin] ET? 64 += x ae 48 
= E ng AE 

[cos] dass * Ce ae es 

i ka Erê E DR Oe. a) E 

[sin] Fr + A + PF 236 + 48 

i E e ee e 3 PP 

[cos + sin]. agi" 148 an E + a 

i PAOR A I gu jet JE 

A [cos — sin] e as =a a + a 
ie ee E me A dp É Es 

[cos] 64 T 16 128 32 T8 

‘si ME esd É 3 ARE, Oe 

pe 64 * 128 128 16 a 32 

i AE 15 3 

[cos + sin] Er à de A ier 

j 3 3 I 

OS — Pa eee == 

3 [cos — sin] pe ak 2 = 76 

PE E a à 

Lene) 8 E TE: a 

I 9 I 

S = — -$ E 

| Wi 32 128 * 0 
[cos + sin] — 35. o + 

128 128 

[cos — sin] me Si, 

a 128 128 
[cos] E ~ e 

32 64 

i 7 

sin ok A é 
| em) 128 128 
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. Table (at, at, a, 4º) nak ER 


a [y y HAS o 
> Ga | pang E A A A a meme om l Pç sc | Ce SN 
sin? es 6 es el es e 
7 5 vg 3 E 49 E 
[cos + sin] += + E + 64 Hiza + 7 
` de 3. 
: [cos — sin] o + E o $ A o o 
x 
35 H 
[cos] H 256 H o H 
ZAN RETA H 
[sin] H NG H ae H 
\ 
5 ERA pe es A Ligh ue 
| [cos + sin] E a +38 64 i 
: JS. ae 
F [cos — sin] 63 o = o o 
21 3 
[cos] = 128 H — E H H 
: ES: EAT H 
[sin] 128 s 128 H 
: 3 de pts ea 
[cos + sin] + F ES q + ba Ho 
[cos — sin] + A Fi o o 
64 32 
i I 
[cos] + Tas “o 3 H H 
ls: ES 
| [sin] T a de E H H 
[cos + sin] a J == 
[cos — sin] = = o 
[cos] Br H 
32 
[sin] ==> H 
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Table (æ, a, at, a) + nos bag 


[cos + sin] 


[cos — sin] 


[cos] 
[sin] 


[cos + sin] 


[cos — sin] 


[cos] 
[sin] 


—— Ss OL ol aan 


[cos + sin] 


' I 
4 | [cos — sin] e EE, ” - 4 + 96 + 7680 
2 4 at e Wi E ie 
[cos] +7 +3 “a EM he + FE 
[sin] oi qo : os 
4 64 *7680 
e a 
WE A 
Dado 3 a ees 
[cos + sin] +e A a $ pe al 
I I 
[cos —sin] ” ” 7e 3 = 64 oer 
I 3 I 9 TI 
cos +- -> =- dah | a, mama 
$ pi 2 64 4 + 128 256 
ain pa A 
| se Ya” 3 * 128 1024 
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... Table (a, al, aè, a?) pe 2... 


383 


[cos +sin] | +2 UH y oz PA ES 000 1 ¿2009 ad: oa 31087 
4 32 512 4 24 48 12 192 1536 
go 
2079 1427 8401 163363 
ea WA 640 1280 A = * 1440 si y 16128 
EA Ho sia 
E sons É ET ee ee A aa a EN gin eae 
pra dê orto Esp — quiero |) di Sago |, Boas 
as 2 “16 128, * 2048 4 h 24 as |i wert 768 6144 
[cos—sin]| o o — Fs Fora o o e — SS A si 
x . 
i 8 
TEREE E HEE E 
[sin] Ha Mi + E 7 + da H Pr +. a H H e H 
[cos + sin] PRE ANING Hy 367 de 2 o iu cao Vê bid 
4 16 512 4 8 4 96 1536 
A e oR] on ch 
x2 
[cos] n- Pa a OE = 
[sin] H — an + 4 H Deora ts Y H 4 E 
i = qua a A O eee 1577 
[cos + sin] ag * A jen p - 5 E o 
[cos — sin] SA ien A = = o + de o o + ha 
x 
= $9 Em 383 13 2413 
[cos] H + 728 pr H + 66 H H + 3072 
[sin] BH) ene os 185 meee ae H y 1159 
| 128 512 192 1536 
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¿iu Table (e, a, 08 0º) cos 27. 


sin 
O [7 IE: 
cos, , x A A PRETA ue t 
a et es é e 66 om 
i E 12048 9893  _ 889303 42037 367439 
| [cos + sin] ike So + sé cm Hilo + bio 
| [cos — sin] o o o o o o 
a 
[cos] H H H H H H 
[sin] H H H H H H 
: a 69 4553 2061389 8551 26809 
opa bin) 16 r 5 à 768 $ 92160 a 960 2048 
[cos — sin] [o o [o o [o [o 
x£ 
| [cos] H H H H H H 
[sin] H H H H H H 
\ 
: 254 i Sar 269 o 77143 297 18749 
| [cos + sin] + ri + = 7680 dh A FIOS 
[cos — sin] o o o o o [o 
q? 
[cos] H H H H H H | 
[sin] H H H H H H 
( 6 8 3563 
Lg. 3 e 425 = 9 ¿3993 
[cos + sin] at ali * hrs AT E 
[cos — sin] o o o o o o 
a 
[cos] H H H H H H 
[sin] H H H H H H 
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Table (ah, añ, as, a?) a 2f 


Mes ER 
ue af STS ES NESSE EEE SE oe 
sin e2 et eê e es eb 
SS di E es 
E 3 OR 
| [cos + sin] to + ra “healing 
| [cos E sin | ” ” Ep A 
"5 
3 e 
[cos] += + a Ee + 
[sin] o [o — 5 + 
\ —— 
25 an a 
[cos + sin] + F = + 
[cos — sin] o — i — — 
25 : ds 
[cos] - Fá E + 
5 
si => 
[sin] 9 64 
de a O 
7 15 en 
[cos + sin] we 
| [cos — sin] 55 — 
a 
I5 
cos += = 
[cos] e 
[sin] o — 


Ce ee Na a 
( 


[cos + sin] - 
[cos — sin] - 


a 


[cos] - 


at [sin] = 
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... Table (st, a, x, rave 27... 


LE Ere: [ Y 
cos I 
2f < por ~ 
sin e @& g e? e2 es e e es eT 
: de Sa Eua dd Di dd 
[cos + sin] o TG + F des a 
[cos — sin] RR ge o fg o e pe 
a 32 64 48 
eee ER 143 
[cos] o F H Er H e 
; + Ne 21 _ 139 
[sin] o 64 H y H ig 


af 


[cos] ü a ba E H is 22 

[sin] = + > a H > 

| [cos + sin] a A 35 + é 

| [cos — sin] — k tz A É 
[cos] = é + 3 + A | 

(sin] pe + É + E 

| [cos + sin] 4 35. ia =" 

> [cos — sin] de = $ = 
[cos] E = ké + 

[sin] $1 E 
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o. LOD, 0, a, a") a 2f. 


Ly [7 [7 ih; 
ia 2f E YF. SI y E Taio EA | 
sin et eê es e? e8 eT 
Ae É ¿> 3 43 43 
li ae EG A "24 ” 64 + 32 
[cos — sin] o o o ê é A 
ae 
[cos] H H H H H H 
[sin] H H H H H H 
ps SS. \ A A e AA 

[cos + sin] - E + É _ 163 9 Ter 
32 32 256 64 256 

[cos — sin] o 6 a á A 

ae 

[cos] H H H H H 
i 3 19 JE 5 
[cos + sin] + E + E 4; $ ” Š 

[cos — sin] o P é : é 

a” 
[cos] H H H H 
[sin] H H H H 
i Eak I 
[cos + sin] + e 
[cos — sin] y y 
a 

[cos] H H 
49—2 
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Table (a, a, 0%, 0) 37... 
sin 
Es By ay 

cos af ———_——_ Be a O_o 

ore Ss é e e et es e e es e 

i ¿dez 34 2d > E E 

[esa ra 2 16 32 Ed: 16 1024 a, it 4 16 192 

11 ER Ra E 

, [cos = sin] 9 ” ” o eS. -= 320 (e) O 80 960 
x 

E See _253 _ 691 lia | SB NEH 

[cos] 2 TO. 38 = 256 10240 Bo * 320 

i A al dá 

| peta] B a ds 256 10240 40 3 30 

i EL sak A: A E MA 

| [cos + sin] í T ai + r 48 si oe Mid 06 sere 

i La 59 EP AE. 

p [cos — sin] 56 nã 5 o 56 ST o [o 70) Eros 

EN GE a RS _ 21 | 1817 

[cos] 4 h 32 T 64 64 5120 2344 32 ii 5760 

[sin] o o o HALE + 327 H H va 31 3 

192 5120 48 10 


eee aaa | eee | ue 


r I I 
[cos + sin] ¡id O + 


[cos — sin] 5) 55 i o Er 4: ES Of afete: me et E 


[cos] =- + 


| 
| 
Colts 
+ 


[cos + sin] > tee ee A aa A 


| 
| 
(e) 
o 
| 


[cos a sin] ” ” ” + 


alo Fie 
pun 
vi 


D 
wn 
bed 
m 
nN 
D 
= 
= 
¡[eS 
Q 


jo $ 
N 
un 
Ni 
lami 
N 
oo 


I 
[cos] TE ME E + 


| 
| 
= 

= 
| 


[sin] o fe} lo) bo 


if 
| 
| 
| [sin] o o o H + de 5 Et H PL. BE 
ig 
| 
| 
| 


[eS 
N 
N 

a 
mn 

wn 
N 
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... Table (a, a, a, a) pe aff +. 


Mr [Y sy 
wei OI A A NEM mi ge 
sin e? e? es e8 e e3 e5 el e? es eS 


— — | | aan 


( 
i Tee PTE Lis 104 51 _ 593 , 75643 
[cos + sin] | +1 —9 EA E EO Cee oa | Bragg Y 1024 
[cos — sin] o o aia [o TER ae a o [o o 
7 5120 420 
w 
cn a a la da A ds « 
10240 560 
lho m a laa CS la. h 
| 10240 1680 
i sir doa yer? ip TSE. | 4.509. 28439 
[cos + sin] ur 3 Fa Te i 56 F +3 Er 
i o SO [o o a KA o o o 
na [cos — sin] Sato a 
[cos] ngm Pa dem | mp pe Celia sad ot 
5120 288 
[sin] Ha Hits? be ms Ara e E 
| 5120 96 
i des 9 atado ES E E Ta. 10993 
| Re tar Ta MODS Rr 3 E 96! a E 
. TI 7 
| | [cos — sin] o Oo + n O o + 20 o o o 
a 4 
| [eos] ma Ee lago! Hig egg la A h 
1024 60 
[sin] Ha um ¿105 A E: E 
1024 160 
\ 
É à i 
; 3 2: ¿EN ES 343 a O 
ii di Eg & 16 8 já 8 128 4 f 128 
2 I I 
> [cos — sin] Oo) “ES GG O mis o o 
[cos] E ao Hy He 8 H H 
256 32 
| i JE dy E 
| [sin] H - 206 HSH aa H H 
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... Table (æ, al, aè, 4º) as 3f. 


LA Ri 
es ež e et eb es e” es e” 
E LO a CODES | ER ARRE KT, E | 
| poda ta] de 47 _525 | 43041 |, 2567 35563 H 2611 _ 87599 | | 263351 4 106469 
| 4 8 320 128 320 80 480 5120 1344 
| [cos — sin] o o o o o o o o o 
w < 
| [cos] H H H H H H H H H 
| [sin] Hs, HA y H H H H H H 
MPA NN 
: 1-38, 3937-8919 ul - TST ROMS 10 1428, 23731815 ABES | 47003 
ei 8 16 128 96 1280 96 2880 2560 1152 
[cos — sin] o o o o o o o o o 
gg) 
[cos] H H H H H H H H H 
| [sin] H Ea H H H H H H 
á EEN 891 83 _ 9871 183... 857 5431 1817 
[cos +sin] | + 1 Re a i a 768 ary do + sid + EM 
[cos — sin] o o o o o o o [o o 
x j 
cos H H H H H H H H H 
\ 
| [sin] H H H H H H H H FI 
LEN o Ttt i 94,4% AA Sica 945 
| bi $5: 165" 130 16 * 32 32 * 6 128 128 
[cos — sin] o o o o o o o o o 
w 
[cos] H H H H H H H H H 
[sin] H H H H H H H H H 
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Table (at, 2°, a, a”) AM 3f... 


| [cos + sin] -Z dee ii + 2% lí 3 ES 
: [cos — sin] E É + = + > é = + E 
| [sin] o o + = = Es $ as + T 
| [cos + sin] “a ary + e “76 +5 
F [cos — sin] A a + 4 AA 5 " = 
[sin] o o + “3 e E + E 
à ro nf E  _— — o KA A 
| [cos + sin] > 3 + F > = 
A | [cos — sin] > + a ¥ = 
| Lg z 3 Ms E 
| [sin] o + => - 3 
Bica se GAN qe tusk: 
[cos + sin] a = E! 33 
A [cos — sin] 33 E ER 
[cos] = = be e 
| [sin] o 2 rr 
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so. Table (ata, “ays agp. 


A [7 E [7 
a > a ea um Riso ns a rf OS = 
sin af e? e2 es ne e e3 (5 e e et of 
| 9 25 
e EF 1 _ 35 1 129 
| [cos + sin] +3 3 +3 x +a = 
i EEN ee 
; | [cos — sin] o = o = p o 
x 
Rr od cae 
[cos] H EA H 48 H H 
l 141 ue Ti 
| [sin] H 256 H 56 H H 
ER ds 15 Lt #5: 
| [cos + sin] E E oe 62 64 
[cos — sin] die e WA o 
q 64 64 
2 19 
pe) bs 128 Eae 32 H 
19 31 
| [sin] Hoa H + A H 
[cos + sin] + = o Y E 
[cos — sin] ag o o 
af EA 
21 
[cos] | tana o H 
i 19 
[sin] Kea o H 
i — 35 
[cos + sin] i 
4 I 
cos — eee 
4 [ sin] E 
[cos] ANG 
64 
sin est 
[sin] 128 
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. Table (at, x, at, 27) ris 3h 


| | | A | aaa 


[cos + sin] 
[cos — sin] 
[cos] 
[sin] 
E 


[cos + sin] 


[cos — sin] 


[cos] 
[sin] 


A A A A, A A A A AAA A A A EI | a ees, 


[cos + sin] 
[cos — sin] 
x 
[cos] 
[sin] 


cos —_—_—AA>>á[IA4>4>+X>> | 
ee SSNS ————__ 


[cos + sin] 


she [cos — sin] 
[cos] 
[sin] 


~ ale III. 


50 


www.rcin.org.pl 


394 TABLES OF THE DEVELOPMENTS OF FUNCTIONS IN THE [216 


cos 


Table (a, x}, a?, a?) e Añez 
by Ly [ ] 
La YY 4 6 3 5 7 2 4 6 
e e e e e e e e e 
5: 48h E hon ee AA Si 
[cos + sin] E ste de 56 r ae > T 48 
. ns 277 oy 
à [cos — sin] ” » Oh do PEITOS o o 72 
x 
És 3 203 1499 1219 
[cos] ¡er Bt Se H + da rk H H Pra 
133 611 2437 
| [sin | o o H + Erg T H H A 
N 
Í : o q BF 144): 4537 É OMB 743 
| [cos + sin] +3 tia -My 768 30936 + Fi dart tha 
— si Ee ar 
| [cos — sin] » » o + 768 5488 o o 365 
x 
3 31 co) NA 3601 621 
| [egi +3 1*3 É 176887 oo A HOPPER 
| [sin] ue m 29 6409] gy m , 463 
128 92160 240 
T dh —— I 
: e ERE 8 gan Bs o San E- > 
| [cos + sin] +3 34 A + 96 7 7680 + 3 late bs 
i 7 649 I 
cos — sin ; o == - [o o - > 
4 | [ ] » 4 z o zi 
| 5 5 23 231 25 
oe ao E kandh Pr dem A — — 
| Leos] 8 32 ate 96 1280 ii H 64 \ 
| ; 5. gee 3 
[sin] ği x e Da 16 7680 ii HH - 8 
A 5 I 43 389 7 
C E gate has! REA dedo | E) 
[cos + sin] Er o 3 Cu a + I A 
: TI 59 I 
cos — sin ea ži se Riese 
$ [ ] ” ” o 64 3072 (o) 28 
5 27 277 85 
cos ee a ae 1. KM pee 
ios) 16 z 64 ji 1536 4 96 
[sin] o o A Li ae "NE > 
4 3072 96 
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... Table (a, a, aè, 2°) a NFS: 


100393 
[cos] H H Fi + 8960 H H H H 


[sin] E EHEHEH A A Re H H 
4480 


e e a E me 
| [cos + sin] + O sasi + 12355 ks 2 — 2 - 
2 2 


I 
16 128 2048 8 
[cos — sin] o o oo) + Ec o o o 
E 10240 
x 
[cos] E HEM HS + 154% H H H 
5120 
[sin] H H H + 30853 H H H 
10240 
i 51451117 E E 245 
[cos + sin] E tre eps + 4 EA 
. [cos — sin] o o = rie o o o 
x 
[cos] HH HH =! 7858 H H fecal El 
1280 
É 5289 
[sin] H Hg = Jos H H H 
` 3 39 2037 3 
[cos + sin] ae E ot Bal Be + Bi ale 08 
: 7 
[cos — sin] o 9.3 1024 o o 
a? 
511 
[cos] H H = 512 H H 
a IOIS 
[sin] | Em A aa 
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... Table (0, «, a, 4º) af... 


sin 


85 6845 490585 | , 21, 377), 597 | 137 18113, 2249741 


een a ae ‘eu YE 2304 ‘a AN 2 [6% 96 3840 
[cos — sin] o "a 0 o o o o o o o o 
of . 
| ¡al ea a Hy Hae EH E H 
| [sin] H H H H Hi HIGH H H H 
Í [cos + sin] | — 95 7325 , 407635 | _ 9, 83 4029) 103 40967, 4894571 
2 16 384 18432 4 4 64 16 768 30720 
| [cos — sin] o o o o op 70 o o o o 
a 
| [cos] H HH” A H HR- Hg H H H 
| [sin] H HH H H HH HRS H H H 
U Ty ead E le ARO 
i 3 22091, MOE hi Taa E iS e 
| [cos + sin] + f 48 + Pr + A I E + i ie + 7680 
[cos — sin] o o o o o o o o [o 
x? 
[cos] ET q H HA HMM H H H \ 
[sin] Ho = E En HH H H H 
: E 95 _ 7285 e ray | it 67 12069 
[cos + sin] É e PA bi ao Tia 
[cos — sin] o o o o o o o o 
mx 
| [cos] H H H A MH H H H 
| [sin] OR | HH Eo gy H 
\ 
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... Table (2º, al, x, 4º) a af 


¿2141 _ 84857 p 13011 809813 5087 el 19116073 


| [cos + sin] 


48 240 160 1280 id 36 80640 
[cos — sin] o o o o o o 
x? 
[cos] H H H H H H 
[sin] H H H H H H 
Elia || 1859 SOSA o 78 E a 242990 
24 480 256 10240 192 92160 
[cos — sin] o o o o oia o 
mx! 
[cos] H H H H H H 
[sin] H H H H H H 
i 3. Aa 307 _ 172907 3995 317653 
ii Mg "$3 32 jj 32 2560 7 192 > 7680 
[cos — sin] o o o o o o 
a? 
[cos] H H H H H H 
[sin] H H H H H H 
[cos + sin] S LA ça EATS 1 vi DOS = o a RS 
16 2 64 1024 24 3072 
[cos — sin] o o o o o o 
o 
[cos] H H H H H H 
| [sin] H H H H H H 
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Table (at, añ, a, a) de a 


da [I E EF [} 
sin 4f RÁ AAA | anga ai SSS een 
et es es es e? da ae eê E e es e? 
i Agar - A 39 1 Gê _3 um 
[cos + sin] | + ES 4% P e AA 
[cos — sin] fi x 2 Pa APE ee TN 
? 8 192 32 í 64 
£ 
Es 3 = sis El 1 
[cos] tro dis nta H + E tg 
[sin] o [o Ar SA H o a ¿3 
4 ngg 64 
i na ae AE 45 a ARAS 
[cos + sin] + 73 =: Pas + 64 TE a 
i E de 3 EB 
$ [cos — sin] o + =y É P ra Es 
E e 1 38 3 A9 
da! di 32 32 128 +8 cone 128 
: I 21 21 97 
ST e kad Pei H IEA A 
WI if 16 256 id 64 256 
si 3 33 15 _ 35 
[cos + sin] + 35 NES Es = 
[cos — sin | i 33 ER bee 
E 64 64 64 
3 ig | El La 
[cos] tE a +3 ei 
' II 7 17 
sin o — — += bani KAS 
kasi 64 64 64 
: es: DES 
| [cos + sin] E de 
r [cos — sin] Pi EA = = 
Rage è = A 
[cos] $4 $ 
i pap E | .M 
| [sin] Te A 


216] THEORY OF ELLIPTIC MOTION. 399 


.. Table (a, ab, a8, 2”) uy ai 


LF | [ P E 
cos f — BAT a aken ear tan ng Na A N 
sin 4 oa es es . a es eT e2 e4 e8 
i Sel. E. do 48 
[cos + sin] a 3 2 ES 7 a x 4 32 
[cos — sin] o o o o o o 
at 
[cos | H H H 
ELA O E A — 
laca) 
_ 35 
[cos + sin] 
[cos — sin] o 
[cos] H 
[sin] H 
[cos + sin] + k 
[cos — sin] o 
ab 
[cos] H 
[sin] H 
N A a ks OAE, 
[cos + sin] 
[cos — sin] 
q 
[cos] 
[sin] 
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... Table (at, 2°, x, 2") E 4f. 


| [y [y AA a 
> 4f EAS AN rae nl RN | Ng ts 
gin eè e5 el et eê es el e8 e? 
à EAR E T3 3 95 43 149 
oe rie A Pe EC EM o * 32 192 
[cos — sin] o o o o o o o o 
q 
[cos] H H H H H H H H 
[sin] H H H H H H H H 
iS 
[ ; e ee 2 [| _1 397 fusi _ 199 
| Kana y 32 256 32 32 256 64 256 
| [cos — sin] o o o o o o o 
añ 
[cos] H H H H H H H 
| [sin] H H H H H H H 


> - E -—-—_____ A | — — —  ———————=-- ||] | Aa———— 


[cos — sin] O o o o o 


[cos] H H H H H 


[cos + sin] er E aT 
[cos — sin] o o o 
[cos] H H H 


[sin] H H H 


| [sin] H H H H H 
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Table (a, al, a, a?) ER of... 


A L? [7 [y [7 
in BF a nee O À 
um e e et es S e e e? es 

| Ay PO Os. adi 2005) ah a E 
| ager en] 16 32 284 "cubas | tig” pá 192 S T6 
: a d 5 
f | [cos — sin] ya oe o eine o o PETT o o 
Bee: | 099 13595 
[cos] 16 32 a | >. 
; _ 10955 425 
[sin] PES = 18432 er ie 126 i 
( 7747 8 6 
; SEE TA 260 TIAS 2 Ee 
| Logs + ain] 32 64 96 3840 e” 2 1920 4 16 
ER > ast my tj 
[cos — sin] Ta $ o bão | A É CRAG o o 
x 
AE ae: = bees E 
(ros 32 - 64 q 1024 RR a 1152 = i 
i _ 15343 E 
[sin] 0: H PRICE EH A H H 
i Pça AIR O | ai dor e 
[cos + sin] rl az 256 I + a 280 e 
: 37 I 
4 [cos — sin] di ag o + |? o o 6 6 
. 24 ea ES 
[cos] E Wee H 7 = EH E A 
[sin] o Y HSM RM ETE H H 
3072 240 
É Eq 7 3 I 19 261 5 
. E : 
[cos + sin] ph de SE inp E “het ae tee hi 
t 47 
? [cos — sin] aia o + Sul o o + > o 
AS 83 395 
[cos] e MA E a 
: E 97 
[sin] o: NO H - 768 BE HS 26 H 
GC. III 
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402 TABLES OF THE DEVELOPMENTS OF FUNCTIONS IN THE 


Table (0,0, at, a) sf... 


LE [F 
cos sf PEE 5 SEI DE Y A E LE 
ma e e es e? es eS 


4 0 95 _ 1675 25085 9775 _ 110225 
rs + Gal A +3 ja 47 144 i 64 288 
[cos — sin] o o o o o o 
[cos] ES. EE H H H H 
[sin] HE aH H H H H 
e a ss, dbe dês | ques atos ye OE 
| akih A 288 8 128 
5 [cos — sin] o o o o o o 
[cos] E HA H H H H 
| be [sin] H ay H H H H 
ijik; een A 6 
[cos + sin] NE NR A KA a 
d 3 32 4 384 
[cos — sin] o o o 5 z 
[cos] H H H H H 
[sin] H H H H H 
Gie A A, 
E E E 3. a 
[cos + sin] E ai a + 3 a 
[cos — sin] o o o o o 
[cos] H H H H H 
[sin] H H H H H 
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Table (2°, a, a, 0%) ee 


Es 


315 ,6375 59585 | 125 9605 2825155 
AER + 1-1 8 48 3072 


235 21515 | 187915 
“Tia e 


[cos + sin] | + 5 — 


[cos — sin] 
aL 
[cos] 
[sin] 
_ 1,69 _ 1335 , 10003) 11 1723 242573 | 37 , 10145 425783 
ENS = aki > 58 i a ia + n ag a am 
[cos—sin]| o o o o o o o o o o 
[cos] HiH H H H H H H H H 
[sin] RIR H H H H H H H H 
ee A NEH 
[cos + sin] AA A O A AN 6977 
4 32 4 16 512 2 24 240 
[cos — sin] o o o [o o o o [o o 
[cos] H H H H H H H H H 
AA [sin] a. H H H.H H E. st H 
RR sakae 3 , 69 _ 1995 5 A TA 
[por + ie Cats 128 4 128 8 ga p 
[cos — sin] o o o o o o o o 
a | 
| [cos] H H H H H H H H 
[sin] H H H H H H H H 
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. Table (2°, @, a, a) CO sf 


sm 
Wa LF 
dl O CS 
es e 


3050417 67335 


8359 1033885 


ligne! E 48 576 9216 112 
[cos — sin] o o 
x 
[cos] H H 
[sin] H H 
787 334011 _ 918191 37647 
oo bone 32 1280 96 1152 7680 160 
[cos — sin] o o o o o o 
[cos] H H H H H H 
[sin] H H 
EE JR O E 
18859 12907 
[cos + sin] 512 É ae 
[cos — sin] o o 
[cos] H H, 
[sin] H H 
3563 3011 
[cos + sin] 384 EPT 
[cos — sin] o o 
[cos] H H 
[sin] H H 
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216] THEORY OF ELLIPTIC MOTION. 405 


Table (wt, a, a’, a) o SEN EF. 


[cos + sin] -3 ea q + = -33 E 
Li [cos — sin] AN Pe o = o e ri 
[cos] — = L = H Ser H ae 
[sin] > Hof] m a, H = 
e LL [cos + sin] Sr a a TE 5 de a 
[cos — sin] E as + = o | - = o 
ppa +3 H -3 H 
[sin] o o + = H - = H 
parm [cos + sin] — a + = - = 
4 [cos — sin] x + a = = 
[cos] - A 5 ua 
[sin] o ik > ==> 
[cos + sin] e = 4 =e 
3 [cos — sin] > = = 
[cos] = ds = == 
[sin] o A 
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406 TABLES OF THE DEVELOPMENTS OF FUNCTIONS IN THE 


| [cos + sin] 


[cos — sin] 
a 
[cos] 


[sin] 


| [cos + sin] 


[cos — sin] 
a 
[cos] 


[sin] 


| [cos + sin] 


[cos — sin] 


SAFEN 

[cos + sin] 
le [cos — sin] 
| [cos] 
EU RE bas E io 


Table (at, a, af, a) © ar fan 


DEAR 
32 

o o 
E Z 
H. H 
a. 85 
16 “64 
(0) 0) 
eo y 
E a 
2s 

8 

o 

H 

H 

35 

12 

o 

H 

H 


[216 


Em 47 EE 
-——— AN | paman | pa An 
oe ngk eê e er e e es 
43:35 3: 049). 43,289 
8 8 8 64 au rad 
o o o o o o 
H H He: H im "BH 
H H A ¿E H H 
Er 5 ,345 _ 45 
16 16. 128 64 
o o o o 
H oe LH H 
H Ha | H 
ER y 15 
y 16 32 F 64 
o o o 
H H H 
| 
H H H 
— 35 
128 
o 
H 
H 


ES or RECT OTE El 


216] THEORY OF ELLIPTIC MOTION. 407 


. Table (at, a, as, a) Ca sf. 


gimp | eth gat Rao, 339 


[cos + sin] 76 33 6 e E 


[cos — sin] 
at 
[cos] 


[sin] 


[cos + sin] 


[cos — sin] 


[sin] 


[cos + sin] 


[cos — sin] 


[cos] 


HE 
dE 
dm 
HE 


[sin] 


Sadana y ART and Pd a a aa | RISA, ANP A AAA A ES AI PEA 


[cos + sin] 
[cos — sin] 


[cos] 


[sin] H H 


kaa = TEDHA RANA AA td a AA INIA AA A A 
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Table (2º, al, aè, a?) si 6f ... 


( 
| . TANK Ta 5167 157 1339 | _67 , 4053 _ 192531 
lacia. * 64 320 is 7680 +56 80 4 E 64 2560 
A 17 
os — sin is o + o o o o o 
A [poe re 53760 
[cos] gl H = 6931 H H H H H 
| 64 17920 
[sin] o EUR 4 SEL A H 4H H 
13440 
4 21 _ 1961 162773 277 993 | _ 93 6289 3841789 
po “164 768 a 92160 . 48 80 16 p 256 10240 
, IOgI 
[cos — sin] by o neato o o o o o 
x 
fot | EE Her ra ca H 
64 23040 
| [sin] o Hite i 20982 1) ee! - ee O A H 
30720 
i E T (APRE me MODO A ED S BES 
akan i eas 96 * 7680 |" 16 48 4. 32 2560 
= 
i [cos — sin] há o 7680 o o o o o 
35 917 H 
[cos] + 64 H + obs H His E H 
[sin] o Bi Has el (EH H H H 
2560 
i 35 | _ 57 739 E ERE Lo ee 
a + 64 64 > 1024 te A 4 8 64 1024 
[cos — sin] bs o madi. o o o o [o 
m 1024 
35 H 83 
[cos] ya T H H Hy To H 
[sin] o H at H H H H H 
1024 
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216] THEORY OF ELLIPTIC MOTION. 409 


... Table (æ, al, a2, a?) mere 6f ... 


eee 
O + 409 | ¿cor Us, Sage, papakan 
4 32 4 32 1536 
[cos — sin] o o o o o o o 
xl 
[cos] H H H H H H H 
[sin] H H H H H H H 
= 
E NGANA ag a GR pis. oe 13325 , 1838665 
4 24 32 2 16 384 18432 
[cos — sin] o o o o o o eG 
q 
[cos] H H H H 55; H H H 
[sin] | H H H H H H H 
[cos + sin] wits ig Wa 685 Dep Wage) CP OS 
4 8 96 4 48 1536 
[cos — sin] o o o o o o 
= 
[cos] H H H H H H 
[sin] H H H H H H 
a | pi 
a 3 517 3 105 13265 
cos + 2 — E AO EO O 
[ sin | => 2 64 8 + 32 EA 
[cos — sin] o o E z e 
a 
[cos] H H H H H 
[sin] H H H H H 


C. III. 52 
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410 TABLES OF THE DEVELOPMENTS OF FUNCTIONS IN THE [216 


. Table (a, a, 08, 08) 2 Of a. 


[cos — sin] o o 2 o o o o o 

[cos] HH H H H H H H 
LEU [sin] EE AA a “E H H 

[cos + sin] E = 4 2 a z = XE 159 E ae 
[cos — sin] o o o o o o. o 

[cos] EEN E H H H H H 
L [sin] H H H H H H H 

[cos + sin] +2 zgi ms + : A 25? hs a 
[cos — sin] o o o o o o 

[cos] HH H a) te eo o) 
M EA a! [sin] EH H H H H 
Eae RN T Maa + y 
[cos + sin] + 3 he : t ; 4 + 30131 

[cos — sin] o o o o o 

[cos] H H H H H 
|| [sin] H H H H H 
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216] 


[cos + sin] 
[cos — sin] 
[cos] 
[sin] 


[cos + sin] 
[cos — sin] 

[cos] 
Eres 


[cos + sin] 
[cos — sin] 
[cos] 
[sin] 


[cos + sin] 
[cos — sin] 
[cos] 
[sin] 


THEORY OF ELLIPTIC MOTION. 


N [0 
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.. Table (a, aè, aè, a) É 


y 151205 


64 


o 


H 


H 


_ 21969 


edi A 


l m 


411 


4. 13947303 


2560 


o 


H 


H 


_ 10874049 


10240 


o 


H 


H 


145449 
2560 


o 


H 


H 


52—2 


412 


TABLES OF THE DEVELOPMENTS OF FUNCTIONS IN THE 


[cos + sin] 
[cos — sin] 
[cos] 
[sin] 


[cos + sin] 
[cos — sin] 
[cos] 
[sin] 


[cos + sin] 
[cos — sin] 
[cos] 
[sin] 


... Table (a, al, at, a)" 6f 


E 33928027 


[ y 
LAA AS 
et es e 
¿605 16829 107333 
4 8 320 


7680 


(o) 


[ je 


AT oN 


es 


110793 
> 160 


[216 


[ A 
a 


el 


72815971 
+ 
53760 


—$$—$ $$ eme : ee AN 
oe 


_ 1805 
48 


+ 16547 


32 768 


96 96 


o o) 


N im 
Y 
ON 
4/2 


H H 


H H 


_ 73961 


2173 


| 
| 
DO RE anda cao J awa Ratt his 
[cos + sin] | + = 4 
i [cos — sin] 
[cos] 
[sin] 
| ES VE a ee ARA À 
| 
| 


215208137 
92160 


o 
H 


H 


2039459 
7680 


o) 


H 


_ 43634809 
92160 


[o 
H 


H 


1111819 
7680 


o 


H 
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216] THEORY OF ELLIPTIC MOTION. 413 


Table (at, a, 2%, a?) © a DOF... 


LF [Y Y, EF ET 
vem 6f PARRA A on, 
sin eê e e? e es eè e? el e et es 
21 DR AA E 
à Fm "a E To a 
I 
| [cos — sin] $ o — = [o o o o 
21 21 
ZE AR festa. H H H H 
[cos] Ega H = 
[sin] o H $E SL» HH H H 
192 
EA sil, 24 d 65 
El y 64 32 256 é 32 32 256 hi 64 
; 29 
4 [cos — sin] A - E 256 o o o o 
1 i 2s 
[cos] ar H úl H a” H H 
- i 179% | 
[sin] o H ba H H H H 
1 ar a HE 15 
[cos + sin] va a 4 PE e t 
[cos — sin] s — in o o o 
w 
E a tô H H H 
[cos] + 6 = 
j By 0 H H H 
[sin] o E 
= = A, 
7 a 
[cos qr sin] = FT 128 
; I 
3 [cos — sin] a o 
I 
[cos] wi H 
k 
| 1 wy 184 | 
| e 128 | H 


ne See A AAA E NAAA ISA dl 
www.rcin.org.pl 


414 TABLES OF THE DEVELOPMENTS OF FUNCTIONS IN THE [216 


... Table (at, a%, ah, x?) A 6f ... 


3 +575 5 349% - 55 
[cos + sin] E e +5 is toe é 
[cos — sin] o o o o o o 
a” 
[cos] H H H H i H H 
[sin] E A H H j E H 
sale Bd 5 15 15 
[cos + sin] 64 +8 Er ie 
[cos — sin] o o o o 
ar 
[cos] H H H H 
1 
[sin] H H H H 
i — 35 — 35 
[cos + sin] a 5 
[cos — sin] o o 
a 
[cos] H H 
[sin] H H 
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216] THEORY OF ELLIPTIC MOTION. 415 


cog 


. Table (a, a, a, 2) Gf. 


fis ir [IP 


=r 2 
[cos + sin] ae 
[cos — sin] o o 


[cos] a H 


[sin] H H H H H H H H 


MS E ee 
E pe. 2 Sá A ERA MIT Y E ERE 


32 256 32 32 256 64 256 
[cos — sin] Bo o o o o o 
[cos] E H H H H H H 
[sin] E H H H H H H 
i 57 E ap | SG dB 
[cos + sin] + 64 + z EE 34 i rv + 
[cos — sin] o o o o o 
a 
[cos] H H H H H 
[sin] H H H H H 
O O E RAD A oe AK 
F 21 7 TAL 
tres i 138 > DE 128 
[cos — sin] o o o 
a 
[cos] H H H 


[sin] H H H 
A NE, NO | 
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Table (æ, al, 2º, 2º) BS i 


cos [I [F FRITA: LP 
sin 1 7 6 or e gs ig Oe 
pt F e5 e es es 
Pa 93289 _329 11809 3227 26943 
[cos a sin] 16 46080 30 720 128 320 
[cos — sin] » o o há o 
a 
[cos] + = H H H H H 
[sin] o H H H E = 
$ EA 19081 _ 187 10927 361 + 55317 
| [cos + sin] 73 7680 24 720 5 32 1280 
| [cos — sin] e o 2 of $ E 
al 
[cos] - a H H H H H 
| [sin] O H H H s H 
E 7 1131 ye 97 4223 113 al 31 17 
[cos + sin] he 512 24 T 480 7 32 256 
[cos — sin] y) o eT 9 y F 
a 
[cos] £; + H Ee: H H H 
[sin] o H H H H H | 
f , Las 529 AS 391 ate 15 
[cos + sin] 64 + 384 ara * 192 +56 F 32 
[cos — sin] 5 [o o [o o [o 
ar 
[cos] — 35 H H H H H 
64 
[sin] o H H H H H 
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216] THEORY OF ELLIPTIC MOTION. 417 


... Table (x, ad, a, x) aa af... 


4 15 
cos f [ [ ] 
sin ? e3 e5 e? e es ef 
[cos + sin] ez + 4445 Wa Ng a, 161 | 10409 4,2509159 
3 24 120 8 48 3072 
[cos — sin] o o o 
xL 
[cos] H H H 
[sin] H H H 
( 
i ES as 236923 
[cos + sin] A = ae 
[cos — sin] o 6 5 
a 
[cos] H H H 
| [sin] H H H 
| 7 767 
; I I I 
[cos + sin] te A e da 
[cos — sin] o o [o 
a? 
[cos] H H H 
[sin] H H H 
( 
8 
[cos + sin] EN - sah == 
[cos — sin] o o 
a 
[cos] H H 
[sin] H H 
\ 
O. 111. 53 
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418 TABLES OF THE DEVELOPMENTS OF FUNCTIONS IN THE [216 


oon, Table (Aia a at a OF os 


a La [Y 
A eee | A A  _A9- FF 
sin 7f el e es e? es es 
_, 4567 _14805 89999 37975 88342: 
[cos + sin] 7 + A O 4 $ + EA TO 
[cos — sin] o o o o o o 
a 
[cos] H H H H H H 
[sin] H H H H H H 
| \ LN LO oe! ee RS 
: LE E AO 17549 OO: da PL 
in TG 32 “6 8 128 
[cos — sin] o o o o o o 
x 
[cos] H H H H H H 
[sin] H H H H H H 
[cos + sin] La E. AME _ 49 37811 
4 32 4 384 * 
[cos — sin] o o o o o 
a 
cos H H H E H 
[cos] 
|| 
sin H H H H H 
[sin] 
( 
¿a CASS am KEN. 
[cos + sin] y E a + 3 3 
[cos — sin] o o à q é 
= 
[cos] H H H H H 
| [sin] H H H H H 
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THEORY OF ELLIPTIC MOTION. 


. Table (a, al, aè, 4º) Na 7 


419 


| ite 
[cos — sin] 
[eos] 
[sin] 


Ea 
[cos + sin] 
[cos — sin] 


[cos] 
[sin] 


[cos + sin] 
[cos — sin] 
[cos] 
[sin] 


pana E O SRS SP 


[cos + sin] 


——— 


[cos — sin] 
[cos] 
[sin] 


+7 —203 


3 144 
o (o) [e] o 

H HH H H 
H H H H 


1,87 _ 845 | 154651 
2 H 2 6 5 288 
o o o o 
H H H H 
H H EE H 
A 3 _ 94 3 3791 
2 3 16 
o o o 
H H H 
H H H 
65 sasa. SE fogo ‘aaa 
8 4 64 
o o o 
H H H 
H H H 
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A 5768 1255219 


ga: 
8 


TEL 
4 


AIR 


_ 10381 
16 


1363 
16 


| 


AIN 


+ 5454687 


1024 


_ 344031 


538—2 


420 TABLES OF THE DEVELOPMENTS OF FUNCTIONS IN THE [216 


... Table (a, a, 42, a?) a Ff 


pr i RE 
O A RA IPD BN Ak EN 
es es e? et es 
1099 84889 1273433 94885 _ 4151693 
[cos + sin] ya 48 + E 384 as 
[cos — sin] o o o o o 
a ; 
[cos] H H H H H 
[sin] H H H H H 
i So 30193 436457 | 5231 3618557 
[cos + sin | 8 + 96 192 96 + 3840 
[cos — sin] o o o o o 
x! 
[cos] H H H H H 
[sin] H H H H H 
A ; 
[cos + sin] + 2 Le 047 ¿019889 y 1295 _ 34789 
24 96 32 256 
[cos — sin] o o o o o 
x 
[cos] H H H H H 
| 
[sin] H H H H H 
: L. tr E 2361 Y 99 
[cos + sin] 3 : É = $ pe A 
[cos — sin] o o o o o 
a? 
[cos] H H H H H 
| [sin] H H H H H 
N 
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216] THEORY OF ELLIPTIC MOTION. 421 


Tabl Ka y tas 
able (e, a, a, a?) de 7f 
HI És [y 
SAE, Ja LT E E AA 
es e e8 e? 
| [cos + sin] a. 23877 4 390873 a 61307827 Š 1004057 
49 40 46080 360 
[cos — sin] o á E A 
[cos] H H H H 
MR [sin] H H H H 
weet _ 2451 49413 _ 2945503 _ 254051 
| [cos + sin] = + S an 
[cos — sin] o 6 qe 
g 
[cos] H H H H 
[sin] H H H H 
| a 
251 _ 74701 144373 1109 
e gire DE 160 * “1536 t 480 
[cos — sin] o o o o 
[cos] H H H H 
adhah [sin] H H H H 
E eae 165 5905 dag _ 10969 
4 ne RR rr E 384 192 
Ao — sin] o E Š 4 
[cos] H H H H 
| [sin] H H H H 
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422 TABLES OF THE DEVELOPMENTS OF FUNCTIONS IN THE 
Table (at, a, a, a?) “O° af... 
sin 
oP es Lue Eur [ Y 
ak f E A E O E o 
sin e? es e5 eT es eS e es e 


[cos + sin] 
[cos — sin] ye o o o o o o o 
[ooa] Lobes LM cm RL a A H H 


[sin] o H H H H H H H 


[cos + sin] | — + 
[cos — sin] a o o O o O o 


[ros] Lopo | HEM ag BM H H H 


[cos+sin] | — — 
[cos — sin] 
[cos] == H H H H 


[sin] o H H H H 


[cos + sin] | —— be 
[cos — sin] 


[cos] dt H H 


AS 
to 
= 
E 
dE 


[sin] H H 


—————— | > ——_———- _ A A — > —_ > —z>7.I— 


[216 
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THEORY OF ELLIPTIC MOTION. 423 


. Table (at, a, as, a?) eu Ifon. 


[cos T sin] = 3 + 64 3 a 8 


[cos] 


[sin] 


| [cos — sin] 
| | 


E UTEN 5 
[cos + sin] gen ss ae 
[cos — sin] o o o 
= 
[cos] H H H 
| [sin] H H H 
| [cos + sin] ae > Rs +. 185 15 
32 16 16 $ 64 
[cos — sin] o o o o 
af 
[cos] H H H H 
[sin] H H H H 
es = 35 
Baran [eos + sin] 128 128 
[cos — sin] o o 
[cos] H H 
[sin] H H 
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... Table (at, x, a, 2”) ne 7f. 


[ P [ yA 


| AA qa a = _ 33 
| 


32 128 32 
[cos — sin] o o o 
a 
[cos] H H H 
[sin] H H H 
[cos + sin] + = d 4 
[cos — sin] o o 
af 
[cos] H H 
[sin] H H 
à 21 
| [cos + sin] E 
[cos — sin] o 
o | 
| [cos] H 
[sin] H 
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216] THEORY OF ELLIPTIC MOTION. 425 


Table (0) 


“(O ve (Y (9)-- 


105 105 5 135 7285- 643015 
dc a rd Tre Sii Ua 
45, 35 17 685 48293 
+I 3 A g $ T +2 f 4 A 96 T 4608 
3 15 35 3 2] 261 14309 
Testar Torg o PE Ta hae te aan. 16148 
I 3 5 3 5 | 2686 
Met? Ho E PA Es TT + 9216 
I I TPE, e e 
+ Bp50:0 A il a Wi 384 18432 
[cos] 
I I WE 3 ae a 
9 t7 Taxa * 96 2. ET, + 128 + 18432 
I I = PREM JS 
Tb > 9 Ea Wa 384 ji 18432 
3 i A yee S 
WoE ri T o o A. 008 192 9216 
3 < qe e o e ii a 6 
18,559 93 > 2 16.7 138 6144 
I5 = Y 19 29 
HE t5 $ 8 o RA << 4 23 96 4608 
A A A NA S 
ho, DEL: 54 
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.. Table ((2) 


Y sz (Ja) 


DN sE gor ¿BN ag eae ngagagi 1 099 
a 12 48 4 64 2560 48 120 
a 
3 ¿Dr ge hi pisa ae Seas ae 
a 4 64 16 25 10240 16 160 
ak ti 5g Bo i o o y oe 293 1.199 
(=) ar i 6 64 £g 128 * 1024 48 160 
O I I I 9 81 729 2 
E +3 é 48 * 36 256 * 0240 a 3 15 
[cos] 
tog ds ae? ae ae a 
8 48 128 48 256 10240 192 320 
ri ipi S BO IO eee PEA 
(E) 4 32 16 256 10240 6 5 
r\? I 1 I I 9 81 I 
de ee A A “= E o = pl sis he eae 
(3) 4 12 96 8 128 5120 12 15 
ris ik A E | 189 1 3 
(E) S 4 $ 32 +56 256 2048 Tao. Tão 
rt 7 I I 19 261 7 I 
sl o 4 + pad = Th E — == 
(=) 2 n * 8 j 4 64 2560 7 48 5 


WWW.FCiN.Org.pt ~ 


216] 


[cos] 


THEORY OF ELLIPTIC MOTION. 


... Table (Ey 


7" Tou E 
-È » loga... 


+ 565135 
18432 


31997 
4608 


4987 
6144 


16621 
9216 


15625 
18432 
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C 


a 


0) 


+ 5195093 
18432 


432091 
30720 


47273 
9216 


117649 
92160 


355081 
645120 


16807 
92160 


2401 
46080 


343 
6144 


1421 
23040 
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table (2)... (Ey) 208 y... 


[cos + sin] 


[cos — sin] 
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Table (ty... o) A 


[P Ea kad 
FEF A | ao (A 
sin e 3 & e7 e P es 3 7 a 


| [cos + sin] +5 - te a a +3 3 N Hu 

0 [cos — sin] o WE +5 + o ++ == 
EEEE EE 

( [cos + sin] o +5 Ee É > -5 + : me a 

si a eG PP é 

| [cos + sin] | == +1 Lo ee -4+ E E: 2 

a [cos] E + + -> = + oa H E ae 

[sin] H +% e AL H = -55 


( 

i 3 48 FO 13 Beça 

[cos + sin] — I + E 48 E ste dl 

: NN es ADA ST 

(5) aa ie E 960 e da T 

a 
[cos] ce te! Aan A RON y A tet 
3 32 180 25 10240 
i D a A > Bay to 
| [sin] Hr a ETA + E eye 
a 0S a DR 
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430 TABLES OF THE DEVELOPMENTS OF FUNCTIONS IN THE [216 


tato (E) (8) Sis 


i 185 og 135 27 159 tas z: 
[cos + sin] 384 256 Bo 320 46080 315 
el Bk SA 
o [cos — sin] o + da té o t so y $ 
a 
_ 4375 H a H H 
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The foregoing tables are read as follows: for instance, in the Table (aº, al, 2’, a?) ia e 


p. 376, et seq., the third and fourth lines of the «º-compartment show that 


cos f = —e 
+ (3 — e + 2 et — rth € ) 2 cos y 
+( Je -2e + é — 7; €) 2 cos 2g 
+ We. 

snf= (h, “Ae + 387 é — Tide É )2sing 
+( de — se +4e — 2, e”) 2 sin 2g 
+ &c 


and the first and second lines give the sum and difference respectively of the corre- 
sponding coefficients of the cosine and sine series. 


Addition, 28th Dec. 1860.—The tables have been verified by me, on the proof-sheets; 


the a-tables, the cosine lines of the (= )-tables, and a portion of the sine lines of 


the same tables, in the manner explained at the commencement of the memoir; but 
for the remainder of the sine lines it was found easier to employ the following mode 


of verification; viz. the equation == 1+x, gives 


O KL aapa, 


“and as regards the terms up to e”, the limit of the tables, 


(ey Ni ap +10 (2) 10 A AN sin jf= (LE 484 508-1507) sin ff 


a 


= which equations afford the verification referred to. In going over the earlier sheets 
I omitted to see that the fractions were in their least terms, and it may happen 
that, in some instances, they are not so. [A few reductions have been made, and I 
believe that the fractions are now all in their least terms.] 


The expression for the true anomaly / itself has been repeatedly calculated to a 
much greater extent, in particular by Schubert (Astronomie Théorique, Pet. 1822), as 
lar as e? The easiest way of obtaining it seems to be by means of the equation 


©; TEL 60 


www.rcin.org.pl 


474 TABLES OF THE DEVELOPMENTS OF FUNCTIONS &C. [216 


and, for the convenience of reference, I here give it as far as e”, viz., 
f= 9+ [sin] sin ig, 


where, as in the other sine series, ¿ is to be taken as. well negatively as positively, 
and [sin]*=— [sin] Or, what is the same thing, 


f= 9+ [sin] 2 sin tg, 


where i has only positive values. And the coefficients are 


é e 3 es e eS eT 
fain? =.:.1 — 5 + a + LG 
[sin]? = +3 — = + E 
[sin]? = + A — + + ee 
[sin]! = an — a 
[sin] = a 3891 A SE! 

1920 921 
[sin]? = Se 
[sin]? = e 


, r WB 14 ¿ 
The expression for Es as far as e? is given in Schuberts work, above referred 


to; and that of log (=), as far as e, was calculated by Oriani, see the Introduction 


to Delambre's Tables du Soleil, Paris, 1806. 
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